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INTEGRAL EQUATIONS OF THE PROBLEM OF THE TORSION OF AN ELASTIC BODY WITH A
THIN DISC-LIKE INCLUSION™

A.P. PODDUBNYAK

Non-classical contact conditions are obtained for the axisymmetric torsion
problem for an elastic bilayered unbounded medium containing a thin elastic
circular inclusion of constant thickness in the connecting plane of the
materials. The special singular integral equations of the problem are
set up and a method for their approximate solution is described.

The torsion of a bilayered elastic space or half-space containing
an elastic inclusion of constant thickness 2H in the plane separating
the materials is examined in /1, 2/ by reducing the boundary conditions
from the inclusion surface to the boundary separating the media (the
middle surface of the inclusion) to the accuracy O (k% (k= Ha™!, where a
is the radius of the inclusion) and solving the appropriate system of
singular integral equations. By using an operator method and the theory
of singular perturbations, this problem is formulated correctly below
and its solution is given with an arbitrary number of terms retained in
the expansion in powers of the small parameter h.

1. Formulation of the problem. we consider an elastic medium consisting of two
half-spaces (2<0) with the shear moduli G!and G2, whose plane of separation contains a disc-
like elastic inclusion with shear modulus G°. We assume a concentrated torque M is applied
at a distance 1z, z,>H from the inclusion in the upper half-space (z2> 0) on the system axis
of symmetry.

The equilibrium equations of a composite layer O0<(p < oo,|{|<{h under torsion and
Hooke's law have the form

A:To, 4 OpTre + 207 T,6=0 (p=r/a,L=2/a) (1.1)
To, =G Up, To=G (0 —p")Us, Us=0c""up 1.2)
G=6G,0)=06.()+[6"—GQIU_(1—p)x (1.3)

W.C+h)—-U.=h)] GCO=6+G—6)U_()
(G°, G*, G* = const)

Here Uy, 14, T,4 are the tangential displacement and the tangential stresses, G is the
shear modulus introduced by using asymmetric unit functions Ui (x) /3/, and 4, d; are partial
derivatives with respect to o, . '

We write the relationships (1.1), (1.2) in the matrix-operator form

af = Af + B (1.4)

F=Mfll, A =1A45l, B=18:(7j=1,2) (1.9)
J1== U, fy = Tezy, Ay == Ay = By =0, 4y, = —Ga?, Ay =
G By = —140, InG, a® = 9,2 +-pt9, — p?
Solving (1.4) separately for the inclusion |{|<(h, 0<Cp <1 and the layer outside the
inclusion | {|<(h,p > 1, we obtain the following functional-operator equation after some

reduction
h

exp(— hA%) ' (0, Iy — exp (RA®) f* (0, — 1) = S exp(— LAY BdL, 0 p<1 (1.6)
exp(— hAY fH (o, h) —exp(hA®) F (p, — )= 0, p>1
B =1 —G ()6t (1, DU (1 —p)=¢g(p, L), B =B =0

where it has been taken into account that J(p,0) = f2(p,0) for p > 1. Here f, A'(p), B (o, ¥
(i=012 are functions and differential operators of the form (1.5) defined in the domains
of the inclusion and the half-space.

Since /4, 5/
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oxp (d-z4%) = cos zal + o™ sin za 4’
U (p, R)=Ug' (p, k), Ug"(p, —h)=Us¢*(p, —})
4 (o, h)= T‘l;,(p, k), 8 P —h= 8 o=k (<)

where I is the unit matrix, then the following complicated boundary conditions for the problem
of the torsion of two elastic media containing a constant-thickness disc-like inclusion in
the connecting plane result from (1.6):

cos ha [U] 4 (Go2)™* sin ha (1) = g, (p) (1.7
cos ha [t] — Gqa sin ha (U) = g, (p) (p << 1)
cos ha [U]l 4+ & sin ha (115) = 0

cos ha [t] — e sin ha (Uys) =0 (p > 1)
Here

(=1 (0. ) — £ (p. —h), () = 1 (0. B) + 2 (p, —h)
(v13) = 57 The (02 B) + - The (02 — )
(Usa) =Gt (p, ) -+ Gy’ (p, — h)

h

g1(0) =— (6 § sintag(p,0)dz
~h
h

()= § costag (o, t)dz

-h

2. Reduction of the problem of integral equations. Applying the Hankel integral
transform /6/, we represent the displacements in the upper and lower half-spaces in the form

Ugt = [01 (1) e 4 xqme-nit-d] Jy (mp)dn (¢ > 0) @1
[}

M
Ugt = S P2 () "E BTy (np)dn E <O %= grpim

Taking account of relationships (1.2) and using the spectral property of the Bessel
functions @a¥J; (Mp) = —n%J; (np) as well as the corollary resulting from this property, we
obtain a system of dual integral equations from the boundary conditions (1.7), and when we
invert it /6-8/, we arrive at an integral equation in the column-matrix @ (r) of the auxiliary
functions

1

lomk@—nat=r@ (z1<1) 2.2)

~1

nw ksj

Ly (M) = o + Brje™

1

h@)=1hi()l I(e)=— 2z 3 pp(z, 0+ ne)

3

ha (@)= 3 f(— 1" 2uopag [, o + (— 1)"e] +
; =1

pan {00 D))+ G P =i
o—a

70 =Frrar
Qe h) +iQu(t  B)=1(E)—1(t +ie)—e (i=)—=1)

1—253
l(z)=l/1—_;, e =2h
Gy = %3, Xgp = —P1o = —Hyy Uy = — Py = P, Ay, = —x,

B = %1, Pop = %y ) =1 — 2B,B,, %, = BBo
xg =1 4 2BB0, %4 = 281 + By, %5 = 2B, — Bo
oy =1 —Po. Mo =2up, iy = —1— (§ — 28,) Bo
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& o
m=—Bhgr, b=z, B=Pr—P:

ps=Po— P2 [(%>2+ ﬁoz] ’ ﬁ]zcl—ﬁjai' (k,j=1,2)

The constant C; is determined from the statics conditions of the inclusion.

The functions
P12 and ®,, are connected by the relationships

1

2
2 B (M) @a(n) + %nonEr () = S My (t)cos it dt (2.3)

n=1 —1

2 1
S} Bua (1) @ (M) - %onEa(m) =1 § 2 (t)sinne dt
~1

n=1
Oy (2)=D1(—2), Dp(z)=—Du(—2)
Ex(m)=em%,  Ex()=GME1(n)
Bum=(—=1y""1e", Bp(m=(—1)"G"Bu(n) (2=1,2)
Taking account of the shift property of the operator /9/
T Pxpint-0) — exnegint-x) (D, =d/dz)
and also the definition of the Heisenberg function &% (y) /5/

oo

8 (g) = e \ ewdn =15 (y) - - V.p.—
2n 2 27 ¥
0

where 8 (y) is the Dirac function, and V.p. is the symbol of the principal value in the Cauchy
sense (we will later omit this symbol), we obtain two identical forms of the very same singular
integral equation from (2.2)

1
Li(eD) O(z) + - La(eDy) § 2L ar="E (z)<1) (2.4)
-1
1 1
NtD(z)—l—%MS 20 dt+S VWK —z,e)dt = 2E (z)< 1) (2.5)
—1 1

Here (2.4) is the characteristic singular matrix equation with a given right-hand side
(known apart from the constants h, (z)) and with coefficients in the form of the hyperdiffer-
ential operators

Li(eDg) = || Lin (eD2) | (nym,j=1,2) (2.6)
Lyt =n1sineDy, Lyt =u3(1 — coseDy)

Loyt =P (1 —coseD,), La'= —ussineD,

Ly? = — %3 — w1 co8eD,, L2 = — xasineD,

Ly?2 = —fsineD,, La?= — s+ %s5c0seD;

The second form, Eq.(2.5), is a complete matrix integral Eq. (2.2) with constant coef-
ficients N, M and kernel K (y, &)

0 — X3
N="ﬁ 0“' M=u 0 —x

(n,m=1,2)
by = =%k, kg = —woky, gy = —Pkyy gy = %sky

» Ky, &)= kuml (2.7)

1 1
kx(yy'?):—n—ﬁ, k2 (y, 8)’-=—ﬂ-y:+;s:

There results from the form of the operator coefficients (2.6) and the special properties
of the elements of the matrix-kernel (2.7)

o) =, E2(0,0)—>8() (e—0) @8)

that the method of obtaining the complicated contact conditions of two elastic media in terms
of an intermediate thin-walled inclusion by retention of a finite number of terms of the
expansion of hyperdifferential operators in the small parameter & = 2k in relations of the
type (1.7) is not totally correct. This is associated with the change in the type of Eq.(2.4)
since on truncating the series the coefficients L,, L, become polynomial and the shift property
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of the operators is lost and, with the fact that the parameter g in (2.5) can turn out to be
large compared with the argument y =t -2z in (2.7). Therefore, the assumption on the small-
ness of the thickness of an elastic coinlike inclusion here has the nature of a singular
perturbation and, therefore, appropriate methods /11-13/ must here be applied to solve such
kinds of problems.

It should also be noted that on the basis of the Sokhotskii-Plemelj formulas /10/, Egs.
(2.4) and (2.5) are equivalent to a generalized Carleman problem for a rectangle of the
diametral section of the inclusion

2ni Im L (D) @ @D =h ) (12| <1 (2.9)

that has been studied in only certain special cases* (*Kerekesha, P.V. and Omilio M.A.,
Investigation of the Carlemann problem for a strip with an analytic shift onward. Dep. No.
2543-79, VINITI, Odessa, 13-07-79, 1979) at this time /14, 15/. Here @* (2) is the limit value
of the function ® () (g ==z + iy — 2+ i0) and L is a complex matrix-operator with the elements

Liyy== %3 — i¥1ge, Lun=2%3(1 —e:)

Lm- = ﬂ (1 - ee); Lﬂ':“l - ihylgy  Ep = exp (lEDx)

3. Approximate 'solution of the integral equations. we consider (2.4) (or (2.5),

(2.9)) as /le, 17/
P(Dy e @xy=1nh(zy (x|t 3.4)

where P (D, &) is a pesudodifferential operator with the symbol
P (A, €) = L, (ieh) + isgn A Ly (ied) = Py (u) (3.2)
Py = isgnddy (M g), Py =14y (A, &)
Py == BAg; (A, ), Poy = isgndrdy (A, &)
Ay (A 8) = ~%3 — e’ Ay A, 8) =1 — ¢&°
Az (h, 8) = — %y + %gesb, el==e M, pa=ife
Following /16/, by starting from the properties of the components A,, of the matrix P
the solvability of (3.1) can be proved and the unigueness of the solutions of the singular
integral equations presented above can be established in the special class of functions E
/16/ in the metric of Sobolev spaces H,[—1,1) @ (2), k(z) & H, -1, 1] (s <C0).
We will construct the asymptotic form of the solutions as in /16/ according to which

o [(*+1)/2) - _
O ()= )Zﬂ g X Infefu, (@) + Ve, ;& + Vewn; ()] 3.3)
= =0
where E = {1 4 z)fe, ¥ = {1 — z)/¢ are boundary layer variables and uy;j Uyj» Wy; are second-
order column matrices.
We introduce the operaters H, A4,

1
Hu(z) = F;L, (i sgn ALy (0) u,, (M)} = L2 (0) S 10 g (3.4)
—1

s—§
Ao ()= Fity (— Pr(— w2y (0} = Ls (— DY w (x) — == La(— Dy § 25T ax
L]

A (&) = Fily (Py () vy (W= L1 (D)0 @) + 5 L2 (D) § 20 ds

where F1{ } is the inverse Fourier transform, f, is the Fourier transform and isgniL, (0) =
limg—o P (A, £). Then for the zeroth approximation of the external asymptotic expansion we
obtain the singular integral equation

1
L § 2 a—h@) (21<1) (3.5)
-1

hifyds

too@=VT=B 0@, tole) = Li'0) § —202—

1
—1
Constructing the residual in the zeroth approximation of the external expansion

o

Qo1 (2) =5 h (@) — P (Da e io,0 (2) = Y, e U () + Ve So (®) + Ve Tkl (] (3.6)

k=0

we obtain the boundary layer functions
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S0 E) = — V2o (— 1) L1 (D) VE Teu () =—V¥ 2o (1) La (Dy) V %
that belong to the class Gyh /16/
oo i o«
S0 TR 6 ={o@1E>0,¢® = Y e Yoyt + Y pEbit— )
=0 F=0

b =i 4 ae]

Therefore, we obtain the following Wiener-Hopf matrix integral equations

Ao B = ST B E>0), Ao =TSe(x) (x>0) (3.7)

for the zeroth boundary layer approximations (internal asymptotic expansions).
wWe find the solution of the first of them in the form

o0 () = Fulee Pyt (W) P12 () FrolS30s () (82>0)

where IS{® (£} is the continuation of 80, (§) in the interval E<0, and II' is a convelution

operator of the form /16/

1 v () dt
To@)=—g § w07

Pt (n) are matrices inverse to the matrices obtained by factorization of the operator symbol

A; realized by using the methods developed in /18-22/. The solution of the second equation
is found in exactly the same way from (3.7}.

Having the solutions Uy, Veo®, wyo®, we again construct the residual to obtain the free
terms of the integral Egs.(3.5), (3.7) with respect to the subsequent approximations in (3.3),
and we continue the iteration process in conformity with the scheme in /16, 23/ until the
requisite accuracy is achieved. Consequently, by starting from (2.1), (2.3}, (3.3), we obtain
approximate expressions for the tangential displacements at any point of the elastic half-
spaces, including even the boundary of contact between the inclusion and the host. We find
appropriate tangential stresses by means of formulas of the type {1.2). The state of stress
and strain of the elastic inclusion is determined by solving the matrix-operator Eq.(l.4) for
0<p< L, ILi<<h taking the stresses and displacements already known on the inclusion end-
faces and side surfaces into account.

The solution of problem (3.1) is simplified substantially if the matrix is homogeneous
(f — 0), or under the condition that the medium is bilayered but the inclusion is replaced
by a slit or an absolutely stiff disc having a finite opening. In these cases the resolving
equations become scalar, where the pseudodifferential (scalar) Egs.(3.1) fall under the
ptocedure of the solution proposed in /16/.

The author is grateful Ya. S. Podstrigach, Yu. I. Cherskii, and Ya. I. Kunts for valuable
remarks.
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THE THREE-DIMENSIONAL PROBLEM OF STEADY OSCILLATIONS OF AN ELASTIC HALF-SPACE
WITH A SPHERICAL CAVITY”

T.G. RUMYANTSEVA, T.N. SELEZNEVA and M.G. SELEZNEV

The three~dimensional problem of the dvnamic theory of elasticity con~-
cerning steady harmonic oscillations of an elastic half-space with a
spherical cavity is considered. The problem is reduced, with help of

the superposition principle, to that of solving a system of six integral
equations describing the stress-strain state of the medium . Analgorithm
for solving the system is given, which can be used in the case when the
cavity has a relatively small radius to obtain an approximate solution

with any desired degree of accuracy, in the form of an asymptotic expansion.
A numerical analysis of the stress-strain state of the elastic medium is
given for a wide range of frequencies.

1. consider the problem of the forced steady harmonic oscillations of an elastic half-
gpace with a deeply placed spherical cavity, in the three-dimensional formulation. The region
occupied by the elastic medium is defined by

£50. 7> (VEFIRFTZFF =7

where a is the cavity radius, h is the depth of its centre, Z,§J,Z are rectangular Cartesian
coordinates and 7, &, f are spherical coordinates attached to the cavity centre. Let 2, y, 2
r denote the dimensionless coordinates referred to the cavity radius a.
The following boundary conditions are specified at the boundary of the cavity in the
general case:
2 vz 0' Txy == f1 (.t, y) e-imt' Tyz =1 (:c, y) e—iml’ Oy ==l (1, y) e-iot (1'1)
re=1, o, ="1(x,B)ei tq=1r,(c,P)e" ", Tp="Ta(a,P)e-i*

The motion of the medium is described by the dynamic equations of the theory of elasticity
in terms of the displalements, i.e. by the Lamé equations /1/.
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